In this paper we analyze spherically symmetric static vacuum solutions with various topologies in mimetic gravity. When the Einstein's tensor is different from zero, a new class of solutions different from the Schwarzschild one emerges from the theory. We analyze the feature of the new solutions and we study the planar motion for the spherical case.
I Introduction
Last year, new approach to the dark matter issue has been proposed by Chamseddin and Mukhanov in such a way that the conformal degree of freedom in Einstein's theory is isolated in a covariant way: the physical metric is expressed in terms of an auxiliary metric and a scalar field, rendering the theory invariant respect to the conformal transformations of the auxiliary metric. When the Einstein's tensor is equal to the matter stress-energy tensor, we recover all the results of General Relativity, otherwise a wide class of new solutions is admitted. In Ref. [1] it has been demonstrated that on flat Friedmann-Robertson-Walker metric the model can reproduce the standard matter without including it in the stress energy tensor and leads to a natural dark matter description. In Ref. [2] the results have been extended to other cosmological scenarios, namely bounce cosmology, inflation, dark energy epoch. Cosmological perturbations theory for mimetic gravity was studied in Ref. [3] . In Ref. [4] mimetic gravity has been analyzed in the framework of F (R)-modified gravity and in Refs. [5, 6] the energy conditions for this kind of models have been investigated. Other works about the so called "mimetic gravity" can be found in Refs. [7] - [10] .
In this work, we would like to analyze static spherically symmetric solutions different from the Schwarzschild one in mimetic gravity. We will consider general topological solutions and focus our attention on the vacuum case, when the Einstein's tensor is different from zero. The existence of this kind of solutions is quite interesting, since they are used to describe the exterior part of compact objects like stars, planets...therefore, it looks that in mimetic gravity new phenomenologies and graviational effects may appear.
The paper is organized as follows. In Section 2, we will revisit the formalism of mimetic gravity and its application to dark matter. In Section 3, we will study (pseudo)-spherically symmetric static vacuum solutions with various topologies. Beyond the Schwarzschild solution, the model admits a new class of solutions with Einstein's tensor different to zero. The most interesting case from cosmological point of view is the spherical one. Thus, Section 4 is devoted to the analysis of the planar motion and the circular orbits for the spherical solution. In Section 5, we will give some comments about the cosmological constant case: if we introduce a cosmological constant in the theory, we can recover the Schwarzschild de Sitter space-time, but also in this case other solutions may emerge. Conclusions and final remarks are given in Section 6.
II Mimetic gravity
In the seminal paper of Chamseddin and Mukhanov [1] , the theory of Einstein has been modified by redefining the metric in terms of an auxiliary metric and a scalar field, namely
whereg µν is the auxiliary metric and φ is a scalar field which appears throught its first derivative. Thus, the conformal degree of freedom is explicitly isolated in a covariant way, since the physical metric (and therefore the resulting action of the theory) is invariant under conformal transformations ofg µν asg
being a generic function of the coordinates. We immediatly have
The corresponding action of General Relativity can be rewritten as
where M is the space-time manifold, R ≡ R(g µν ) is the Ricci tensor, L m is the matter Lagrangian and the metric g µν is a function of the auxiliary metricg µν and the field φ as in (II.1). The variation with respect tog µν and φ leads to
In the above expressions, G µν = R µν − g µν R/2 is the Einstein's tensor, R µν being the Riemann tensor, and G ≡ −R and T are the traces of the Einstein's tensor and the tensorT µν in (II.5), respectively. Moreover, T µν is the stress energy tensor of standard matter whose covariant derivative reads ∇ µ T µν = 0. Note that the trace of the first equation in (II.4) leads to
which is automatically satisfied if we take into account (II.2), even when (G − 8πG N T ) = 0. Finally, the conservation law of the tensorT µν with (II.2) results to be
Given the physical metric g µν , we can derive the form of φ from equation (II.2) and from the field equations (II.4). Therefore, it is natural to recover all the results of the theory of Einstein when G µν = T µν andT µν = 0, but, since equation (II.2) alone does not fix in an unique way the field a priori, in deriving the field equations we also get some additional part from the freedom degree associated to the field. In Ref. [1] it has been demonstrated that such a freedom degree is dynamic even in the absence of matter (T µν = 0) and it is a good candidate for dark matter in Friedmann universe, whose homogeneous and isotropic metric assumes the classical form
where a(t) is the scale factor depending on cosmological time and we have used (II.2), φ 0 being a constant. Eq. (II.7) reads
where c 0 is an integration constant. Since the general (controvariant) form of the stress energy tensor for a perfect fluid with energy density and pressure ρ , p is given by
if we compare expression (II.5) with the one of matter with p = 0, after the identification ρ =
o /8πG N , we see that (II.9) is in fact a matter-like contribute able to mimic the dark matter by setting a suitable value for c 0 . In Ref. [2] it has also been demostrated that by introducing a vector field we obtain the dark energy able to support the current acceleration of our universe, and by using some suitable potentials we can in principle reproduce many other cosmological scenarios (bounce solutions, inflation, ...).
In the next section, we will investigate the spherically symmetric static vacuum solutions of the model, and we will see which kind of results we can obtain when the Ricci tensor is different to zero.
III Spherically symmetric static vacuum solutions
We will look for topological static, (pseudo-)spherically symmetric solutions (SSS) of the type
where α(r) , B(r) are general functions of the radial coordinaye r, and the manifold is a sphere when k = 1, a torus when k = 0 or a compact hyperbolic manifold when k = −1. Thus, the Ricci scalar is derived as
First of all, we observe that the topological Schwarzschild de Sitter solution
where M is an integration (mass) constant and Λ is a cosmological constant, is a solution of the model in (II.4) for T µν = −Λg µν /(8πG N ) with G µν = 8πG N T µν . In such a case,T µν = 0 and the results of General Relativity are recovered. Now, it may be interesting to see if other types of SSS solutions appear when G µν = 8πG N T µν . We will consider the vacuum case (T µν = 0 but G µν = 0), for which equations (II.2)-(II.5) read
where we have used (II.7). From (II.2), by assuming the SSS geometry, it follows
and φ is an imaginary field. Therefore, the field equations of the model read 
whose solution can be written as Let us analyze the results. The solution for flat topology (k = 0) assumes the following form,
where we have introduced 0 <M = −M to preserve the metric signature. In this case the Ricci scalar is different to zero and reads
Thus, we have a naked singularity at r = 0, like for the corresponding case k = 0 in Schwarzshild solution.
The solution for the spherical case (k = 1) is the more interesting from cosmological point of view and is given by
where we have introduced the polar coordinates θ , φ in the angular part. The Ricci scalar results to be R = − 1
If M < 0, the metric is regular everywhere. In the case of 0 < M , the metric coefficients g 00 (r) , g 11 (r) are positive for M < r, while for r < M we have g 11 (r) < 0 and g 00 (r) aquires an imaginary part. A special case is represented by the choice M = r 0 , for which when r < M we get
and g 00 (r) is real and negative. When r = M , g 11 (r) diverges but g 00 (r) = −A 0 and the Ricci scalar is regular. It follows that r = M does not represent an "horizon" (we also cannot associate to it any thermodynamical quantity like the temperature T = (exp[α(r)]/2)dB(r)/dr which diverges at r = M ). Since the solution becomes imaginary for r < M , we must consider the branch M < r only. We avoid to discuss the special case r 0 = M , for which when we cross the point r = M the signature of g 11 (r) changes in (− − ++).
Finally, the topological case k = −1 corresponds to Now, if 0 < M , the metric coefficent g 11 (r) is negative and the solution is unphysical. On the other hand, by choosing M < 0, we have that 0 < g 11 (r) if r < −M , but g 00 (r) becomes imaginary (except for the special choice r 0 = −M ).
In the next section, we will analyze the planar orbits for the spherical case k = 1 assuming M < r (if M < 0, the radial coordinate covers all the space).
IV Planar motion for spherical solution
Let us analyze the motion of a free particle in the gravitational field of solution (III.25) with k = 1, namely the case with spherical topology, which is the most interesting from cosmological point of view. The motion of a free particle is governed by the geodesic equation,
where τ denotes the proper time and Γ µ αβ are the Christoffel symbols,
Given the metric (III.25), the non-zero Christoffel symbols read dφ dτ
It follows, is the analysis of the spherical solution, where the coefficient g rr (r) of the metric turns out to be the Schwarzschild one with an integration mass constant M , but the metric coefficient g tt (r) reads in a different way. In particular, it is regular when the radial coordiante coincides with M , such that the solution does not present a real horizon at r = M . The solution is physical when M < r (if M < 0 it covers all the space): for example, we may describe cosmological objects whose size exceed r = M . We have investigated the planar motion of free particles and we have found the equation which describes the orbits at fixed angle θ = π/2. This equation can be used to study the circular orbits and it is possible to see that at large distances the graviational effects are very strong and the particles aquire an high spin. The orbital equation of photons has been also presented. Finally, in the last section of our work, we gave some comments about the cosmological constant case, when the introduction of a cosmological constant in the field equations of mimetic gravity may give arise to a class of solutions different from the Schwarzschild de Sitter one if the Einstein's tensor does not coincide with the stress energy tensor related to the cosmological constant.
